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Abstract 

Conformal algebra on _R x S"^ derived from quantized gravitational 
fields is examined. The model we study is a renormalizable quantum the- 
ory of gravity in four dimensions described by a combined system of the 
Weyl action for the traceless tensor mode and the induced Wess-Zumino 
action managing non-perturbative dynamics of the conformal factor in the 
metric field. It is shown that the residual diffeomorphism invariance in the 
radiation^ gauge is equal to the conformal symmetry, and the conformal 
transformation preserving the gauge-fixing condition that forms a closed 
algebra quantum mechanically is given by a combination of naive confor- 
mal transformation and a certain field-dependent gauge transformation. 
The unitarity issue of gravity is discussed in the context of conformal field 
theory. We construct physical states by solving the conformal invariance 
condition and calculate their scaling dimensions. It is shown that the 
conformal symmetry mixes the positive-metric and the negative-metric 
modes and thus the negative-metric mode does not appear independently 
as a gauge invariant state at all. 
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1 Introduction 



Applications of conformal field theories to physics and mathematics in the 
areas of statistical mechanics, gauge theories and quantum gravity become in- 
creasingly indispensable to understand their non-perturbative properties. Espe- 
cially, conformal invariance in quantum gravity is realized as an exact symmetry 
of diffeomorphism invariance. Thus, conformal symmetry is an essential tool to 
understand quantum dynamics of space-time beyond the Planck energy scale. 

In two dimensions, the conformal algebra, called the Virasoro algebra, be- 
comes infinite dimensional, leading to significant restrictions on two dimensional 
conformally invariant theories [1, 2]. In two-dimensional quantum gravity [3, 4], 
described by the Liouville theory in the conformal gauge [5, 6, 7, 8, 9, 10], the 
generator of diffeomorphism symmetry forms the Virasoro algebra without cen- 
tral charge such as Lm] = {n — m)Ln+rn- Diffeomorphism invariant physical 
states are classified in terms of the conformally invariant physical state satisfy- 
ing the conditions L„|phys) = (n > 0) [8, 9]. We can do the similar analysis 
in four-dimensional quantum gravity [11, 12, 13, 14, 15, 16, 17, 18, 19]. 

In four dimensions, the conformal algebra becomes finite dimensional, while 
the isometry of the base manifold forms a stringent non-Abelian group instead. 
Therefore, conformal symmetry in four dimensions also leads to significant re- 
strictions on conformal field theories. 

The conformal field theory we study here is that obtained as the core part 
of renormalizable quantum theory of gravity formulated in a partially non- 
perturbative manner that the conformal mode in the metric field is treated 
exactly without introducing its own coupling constant, while the traceless tensor 
mode is handled perturbatively in terms of a dimensionless coupling constant. 
It describes quantum states of space-time in a non-perturbative regime beyond 
the Planck scale. In this paper we examine this conformal field theory focusing 
on the equivalence between conformal symmetry and diffeomorphism invariance, 
and discuss the physical properties of diffeomorphism invariant quantum states 
in the context of conformal field theory. 

This paper is organized as follows: after the brief summary on renormaliz- 
able quantum gravity is given in the next section, we examine diffeomorphism 
invariance at the vanishing limit of the coupling constant and show that confor- 
mal symmetry is equal to diffeomorphism invariance in section 3. The section 4 
devotes to present the canonical quantization of gravitational fields on i? x S'^ 
following the Dirac's quantization procedure. In section 5 we construct the gen- 
erators of conformal symmetry that form the closed algebra of 50(4, 2). These 
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generators yield conformal transformations preserving the gauge-fixing condi- 
tion that consist of a combination of naive conformal transformations and field- 
dependent gauge transformations, as shown by Fradkin and Palchik [20, 21]. 
Then, it is shown that in order that the conformal algebra representing diffeo- 
morphism invariance closes quantum mechanically, the higher-derivative grav- 
itational field is necessary. Conformally invariant physical states in quantum 
gravity are equal to diffeomorphism invariant quantum states. The some of 
them are summarized in section 6, and then we discuss scaling properties of 
these conformal states and their reality required for unitarity. The last section 
devotes to conclusion and discussion. We here give a comment on the early 
unitarity arguments for higher-derivative models developed in 1970's. 

In this paper the signature of the metric is taken as (—1,1,1,1), and the 
curvature conventions are R^i, = R'^^x^ and R^^„i, = ^o-F^j, — • • •. 

2 The Model 

If we wish to apply the Einstein theory for the Planck scale phenomena 
[22, 23], it has fatal difficulties such as the black- hole singularity and diver- 
gences in the canonical quantization procedure. Historically, since it has been 
recognized that any attempt to quantize Einstein gravity perturbatively cannot 
be succeeded, many authors [24, 25, 26, 27] tackled the divergence problem intro- 
ducing four-derivative terms in the action of gravity, because the gravitational 
coupling constant becomes dimcnsionless, and at the same time we can avoid the 
unbounded problem of the action. However, the R^ action with correct sign to 
make the action bounded below^ indicates the asymptotically non-free behavior. 
Furthermore, the higher derivative actions create indispensable negative-metric 
modes. 

Through studies of two-dimensional quantum gravity [3, 4, 5], it has become 
clear that all of these problems arise simply because the formulation does not 
correctly take into account the diffeomorphism invariance, or background metric 
independence, quantum mechanically. To begin with, in an analogy of two- 
dimensional model, a four-dimensional counter model for the conformal factor 
given by Riegert [11] has been quantized by Antoniadis et al. [12, 13, 14]. 

In order to construct a four-dimensional quantum gravity realized in the 
ultraviolet limit, however, we have to manage the dynamics of the traceless 
tensor mode appropriately [15, 16, 19]. Treating its dynamics in perturbation, 

^In the Wick-rotated Euclidean action, it is simply denoted that the path integral has the 
correct weight e~^E with the action bounded below. 
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we have forimilatcd rcnormalizable quantum gravity based on the conformal 
gravity which loads to the fuU conformal field theory described by a combined 
system of the Wess-Zumino action and the Weyl action at the vanishing limit 
of the coupling constant [17, 18]. 

2.1 The action 

Quantum gravity is defined by the path integral over gravitational fields with 
diffeomorphism invariant weight e*^. The model we consider here is defined by 
the dimensionless action [16, 19]: 

I = J d^xV^g[-^Cl^,^ - + i (^i? - A + £m) } , (2.1) 

where we write the Newton constant as G, and the cosmological constant as A. 
The Lagrangian for a matter field action is denoted by £m- 

The first two terms are conformally invariant gravitational actions, which 
are the square of the Weyl tensor 

and the Euler density 

Gi ^ R^y\(,R^"^'' — AR^i,R'^" + , (2.3) 

respectively. The Weyl tensor represents the field strength of traceless tensor 
modes in gravitational fields, and t is the dimensionless coupling constant. The 
constant h is introduced to renormalize divergences proportional to G4, which is 
not an independent coupling constant because it does not have a kinetic term. 

The constant h is the Planck constant, which does not appear in front of the 
four-derivative gravitational actions because, contrary to matter fields, gravita- 
tional fields are dimensionless and thus these actions in four dimensions are ex- 
actly dimensionless. This implies that the higher-derivative gravitational fields 
describe purely quantum states, and have no classical meanings. In the follow- 
ing, h is taken to be unity. 

The four-derivative gravitational actions are determined by the integrability 
condition for conformal anomalies [28, 11]. Consider a generic local-form of 
conformal anomaly [29, 30, 31] given by the Weyl transformation of the effective 
action as 

5^T = I d^x^ Lv^TjiRf^^xaR^"^" + mR^i'R'"" + mR^ + ri4S^R], (2.4) 
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where the Weyl transformation is defined by 5^,9 fiv = Zwg'^y. Since the confor- 
mal anomalies arise following ultraviolet divergences, it is a possible candidate 
for the counterterm to renormalize divergences, or the bare action. The inte- 
grability condition is defined such that two independent Weyl transformations 
commute as 

[5^,,5^,]T = 8(7?i + 7?2 + 3773) X j ct'x^Rw^-.V^uj^] = 0, (2.5) 

where the anti-symmetric product is denoted as ffl[^6^] = (a^6,y — a,y6^)/2. Thus, 
the integrability gives a constraint on the form of the bare action. This condition 
indicates the renormalizability such that the effective action exists. 

The integrable quantities are just the square of the Weyl tensor and the 
Euler density, apart from the trivial term with the parameter 774.^ The lower 
derivative actions such as the Einstein term and the cosmological constant are 
trivially integrable in this sense. The relationship between the effective action 
and the Wess-Zumino action for conformal anomaly satisfying the Wess-Zumino 
consistency condition [32] is discussed when they are defined. 

In this way, the integrability condition reduces a part of ambiguities in four- 
dimensional gravitational actions, and thus excludes the purely bare action, 
which is commonly introduced as the kinetic term of the conformal mode. The 
kinetic term of the conformal mode as well as its interaction terms with four 
derivatives are, as mentioned below, given by the Wess-Zumino action induced 
from the path-integral measure. The integrability condition requires that there 
should be no divergences proportional to R^. The Hathrell problem [33] on this 
matter indicating the appearance of the R^ divergences at the three-loop level 
have been resolved in [16] in terms of dimensional regularization, applying the 
integrability condition generalized in D dimensions in order to determine the 
bare action.^ 

In this paper, we also consider a scalar field conformally coupled to gravity, 
X, and a U{1) gauge field, A^, which are defined by the action 

Im = J d'xv^|-i (g^-'d^Xd^.X + ^RX^^ - ^g^'^g'^'F^^Fx.^ , (2.6) 

where Fj^^ = V^A^ — V^A^ = dfj,A^ — di^A^ is the gauge field strength. 

^This implies that the local and finite term may appear in the effective action, because 
it is obtained by integrating the r/4 term with respect to the conformal mode. However, since 
it is at the higher order of the coupling constant t, we here disregard it. 

■'Dimensional regularization is a manifestly diffeomorphism invariant regularization at all 
orders, in which the Wess-Zumino action appears as a coefficient of the series obtained by 
expanding the bare action with respect to an infinitesimal parameter 4 — D. 
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2.2 Quantization technique 

The perturbation theory is defined by an expansion in t about a conformally 

flat configuration satisfying Cf^^xa = 0. In order to treat such configurations, 
the metric field is decomposed into the conformal mode (p and the traceless 
tensor mode h^^, and the background metric g^i^ as 

9^. = e''^5M. (2.7) 

and 

= (^e*")^. = g^x (si + th\ + ^^{h')\ + ...), (2.8) 

where tr{h) = h\ = 0. The contraction of the indices of /I'^j, is done by using 
the background metric. In the fohowing, gravitational quantities with the hat 

and the bar on them are defined in terms of the metric and g^j/, respectively. 

The conformal mode is treated non-pcrturbativcly without introducing the 
coupling constant for this mode, while the traceless tensor mode is handled per- 
turbatively in terms of the coupling constant t. This treatment is justified by 
the asymptotically free behavior of traceless tensor mode. It implies that the 
conformal invariance becomes significant at very high energies where the cou- 
pling strength becomes small, and the configuration with the vanishing Weyl 
tensor are chosen such that the singular configuration like a black hole at which 
the Riemann-Christoffel curvature tensor is divergent is excluded quantum me- 
chanically. 

The technique to treat diffcomorphism invariance is the following. We change 
the path integral measures from the diffeomorphism invariant measures to the 
practical measures defined on the background metric g^iy. Consequently, in 
order to preserve the diffeomorphism invariance, the Wess-Zumino action S is 
necessary as the Jacobian, and the partition function is expressed as 

= /i^^^Jf;|^exp{iSW,S)+a(A,X,p)}. (2.9) 

The Wess-Zumino action is induced even at the vanishing limit of the cou- 
pling constant. It, denoted by ^i, is given by the so-called local Riegert action 
[11] obtained by integrating the conformal anomaly concerning the Euler density 
with respect to the conformal mode as 
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bi 



J d'^x^f^ {2^A4(I) + Ei(j)) , (2.10) 



(47r)2 

where the quantity Ei represents the modified Euler density, 

Ei = Gi- |v'i?, (2.11) 

which satisfies the reiation ^/^E^ = ^J^-g{AKi(j) + E4), and ^/^/S.^ is the 
conformally invariant fourth-order operator acting on a scalar field defined by 

A4 = V* + 2R^"'V|,Vu - ^RV^ + ^ ViJV^. (2.12) 

This operator satisfies the self-adjoint condition J ^/^AA^B = J ,/^{A4A)B 
for scalar fields, A and B. The coefficient 61 has been computed as [13, 29, 30, 31] 

^^ = 3^(^- + T^- + ^2^-) + tS' ^'-''^ 

where Nx, Nw and A''^ are the numbers of scalar fields, Weyl fermions and 
gauge fields added to the action, respectively. 

The Wess-Zumino action at the lowest order, ^i, contains the kinetic term 
of the conformal mode. Thus, the dynamics of the conformal mode is induced 
from the diffeomorphism invariant measures. This action is a four-dimensional 
counter quantity of the so-called Liouville/Polyakov action [3] in two dimen- 
sions."'' 

In the following sections, we consider the combined system at the vanishing 
limit of the coupling constant, 

IcYT = Si{^,g) + I{X,A,g)\t^a, (2.14) 

as a classical action defined on the curved space-time with the background 
metric All terms with mass scales such as the Einstein action are given 

by renormalizable composite fields with an exponential factor of the conformal 
mode leading to a power-law behavior of their correlation functions.® In terms 
of conformal field theory, they are physical conformal fields discussed in section 



^The Liouville/Polyakov action is given by Sl = — (fcL/47r) J d?x d<f>^—gR = 
— (6L/47r) J d'^ X —g{<j> A2(f> + R<f>), where A2 = — V^. The coefficient has been computed 
as 6l = (25 — cm)/6 for the case of quantum gravity coupled with a conformal field theory 
with central charge cm [3, 1, 5]. 

^Thus, there is no logarithmic catastrophe at the Planck mass scale. Since the Einstein 
action can not be considered as an ordinary mass term, we introduce a small fictitious mass z 
to regularize infrared divergences. This mass term is not diffeomorphism invariant, and thus 
the infrared divergence appearing in the form of log z cancels out. 
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6. They are considered as potential terms, and wc disregard them considering 
we are in the very high energy regime beyond the Planck scale. 

The effective action, which has the manifestly diffeomorphism invariant form 
written in terms of the full metric g^v, is now obtained by adding quantum 
corrections to the classical action S + I. For the conformal-mode sector, it is 
given by the so-called non-local Riegert action as 

at the lowest order. The non-local term in the first line is the loop correction 

obtained after carrying out renormalization of the ultraviolet divergence pro- 
portional to the Eulcr density. Since the conformal mode docs not have its own 
coupling constant, this mode is not renormalized whose renormalization factor 
is unity at all orders [16]. 

In this paper we do not discuss another kind of the Wess-Zumino action 
•\/—g4'C^i,xa obtained by integrating the Weyl-squared conformal anomaly with 
respect to the conformal mode, because it appears at the order of and more, 
following the non-local term log(fc^//z^) in connection with the beta function 
Pt = —l3otf with /3o > in order to preserve the diffeomorphism invariance, 
such as 

^/^£eff = -|^-2/3o<^ + /3olog(^^^ +---| V^C^,;,,, 

in the momentum space, where A; is a momentum defined on the background. 
Disregarding higher order corrections, the running coupling constant is written 
as \/t^{p) = fiologip^ / A'^q) , where p is a physical momentum defined hy p = 
k/e'^ and the parameter Aqq = /iexp{— 1/2/30^^} with (j. being a renormalization 
mass scale is the new dynamical scale. The running coupling constant is a 
measure of the degree of deviation from conformal field theory. 

The scale parameter Aqq represents the energy scale where the correlation 
length becomes short-range and thus the conformal invariance breaks down 
turning to the classical Einstein phase. We set the ordering of two mass scales 
as mpi > AQG(=i lO^'^GeV), where rripi = 1/\/G(~ lO^'^GeV). Then, we obtain 
an inflationary scenario with a sufficient number of e- foldings driven by quantum 
gravity effects [34, 35, 36].'' 

^The inflationary model driven by the conformal anomaly was first proposed by Starobinsky 
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3 Conformal Symmetry as Diffeomorphism In- 
variance 

Let us first clarify the relation between diffeornorhism invariance and con- 
formal invariance. Diffeomorphism invariance is defined by the transformation 
using a contra- variant vector as 

S^g^^. = 5maV.^^ + 5.aV^^\ (3.1) 

for the metric field and 

s^x = e^xx, 

S^A^ = C^VaA^ + AaV^C^ (3.2) 

for the scalar field and the covariant vector field. 

Under the decomposition (2.7), each mode of the metric field transforms as 

h9f,u = 5MAV.^^+ff.AV^e^-^5M-VA^^, (3.3) 

where we use the equation Va^^ = Va^^. Expanding the second equation in 
the coupling constant as (2.8), we obtain the transformation law of the traceless 
tensor mode, 

kh^i^ = \ {^n^v + V^.^,. - ^ff/*^VA$^^ + £,^VxK^ 

+\h^x - V^C.) + \Kx (v^^^ - V^^^) + o{t^h% 

(3.4) 

where the covariant vector is defined using the background metric as = 
Qnv^". Thus, the transformations of the conformal mode and the traceless tensor 
mode are decoupled. 

The conformally invariant Weyl action does not depend on the conformal 
mode and can be written in terms of the metric field g^j^ as {—1/t^) J ^—gC^vXa' 
which is invariant under the transformation (3.4). 

The gauge field action is also written in terms of the metric field with the 
covariant vector field unchanged, while in order to remove the conformal- 
mode dependence in the conformally coupled scalar field action we have to 

in 1979 [37]. 
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rescale the scalar field as X ^ e "^X. Thus, the matter action can be written 
in terms of the rescalcd scalar and the covariant vector fields as 

Im = j d^x^/^l^-^ (^r^d^Xd^X + ^RX^^ - y^^r^F^^Fx,^ ■ (3-5) 

Then, the transformation law of diffeomorphism invariance for the scalar field 
changes to 

S^X = e^xX + \xVxe, (3.6) 

compensating contributions from the transformation of the conformal mode. 
The transformation law of the gauge field becomes 

S^Af, = ^^Va^p + AxV^^^, (3.7) 

and, for the contravariant vector field, d^Af^ = 5^{g^'^ A,^), where 6^g^'^ = 
—g^^g'"'5(,gX(T- in the following, we use this matter action and these trans- 
formations as diffeomorphism invariance. 

In this section we discuss diffeomorphism invariance at the vanishing limit 
of the coupling constant. Since the Wcyl action is divided by the square of 
the coupling, only the kinetic term of the traceless tensor mode survives at the 
limit. The interaction terms with other fields also drop out. 

There are two types of diffeomorphism at the vanishing coupling limit. The 
first is the gauge invariance for the kinetic term of the Wcyl action. We introduce 
the gauge parameter k'^ = £,^/t and take the limit t ^ with leaving finite. 
Then, from the transformation (3.4), the diffeomorphism is expressed as 

SKh^i, = Vu,Kt, + Vi,Ki^-^gij,uVxK^, (3.8) 

while other fields do not transform under the limit as S^cf) = d^X = S^A^ = 0, 
because the transformations for these fields become of order of t in the expansion 
using K^. 

This transformation is similar to the U{1) gauge transformation, 

SxA^ = V^A. (3.9) 

The gauge parameters and A are used later to fix the gauge degrees of freedom 
of the traceless tensor mode and the gauge field, respectively. 

The second is the conformal invariance we will discuss in this paper. It is 
the diffeomorphism symmetry with a gauge parameter = (^'^ satisfying the 
conformal Killing equation 

V^C + V.C^ - ^9i,.VxC^ = 0. (3.10) 
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Since the lowest term of the transformation of ft-^^ (3-4) vanishes in this case, 
the second term becomes effective such that the kinetic term of the Weyl action 
becomes invariant under the transformation 

V = C^Va V + ^ V (V.C^ - V^C) + i/i.A (V^C^ - V^C^) (3.11) 

without taking into account self-interaction terms. And also, the scalar and the 
gauge fields transform as, 

6cX = C^i/xX + ^^VaC^ (3.12) 

and 

S^A^ = C^VxA^ + AaV^C\ (3.13) 

respectively. Due to the disappearance of the lowest term in the transformation 
of the traceless tensor mode, the kinetic term of each field becomes invariant 
without interaction terms with the traceless tensor mode. Since the background 
metric does not change, this transformation is a conformal transformation con- 
sidering quantum gravity as a quantum field theory on the background. 

For the case of the scalar field, for example, the conformal invariance can be 
easily shown in the flat background as 

Sclx = - j d^xd^Xd^ [c^dxX + Jx^aC^) 

= j d-'x^-^ (3a^Co + diC) dr,Xdr,X + {drjCi + diCo) d^Xd'X 



-diCj + \Sij {-dnCo + dkC'') 



+ 

= 0, (3.14) 



d'x&>x + ^{dad''dxC^)x'^^ 



using the conformal Killing equations. 
The conformal mode transforms as 

'^C<^ = C^Va</>+ jVaC^ (3.15) 

Since there is a shift term independent of ^, it is not a scalar transformation. 
The Wess-Zumino action changes under this transformation and produces the 
quantity 

^C^i = - / d'^xV^Ei^Vxe. (3.16) 

It is the same form to the conformal anomaly, but the overall sign is opposite 
to that produced by quantizing fields. These quantities cancel out and thus the 
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conformal invariance, or diffeomorphism invariance recovers quantum mechan- 
ically. Thus, adding quantum corrections to the classical Wcss-Zumino action 
(2.14), we obtain the manifestly diffeomorphism invariant effective action, as 
shown in (2.15). 

4 Canonical Quantization on Rx 

To quantize the model in practice, we need to specify the background metric. 
Since the asymptotic freedom implies that the Weyl tensor should vanish at the 
vanishing limit of the coupling constant, it is specified to be a conformally 
flat metric. Owing to the conformal invariance, all models transformed by a 
conformal transformation into each other are equivalent. 

We here choose the cylindrical background R x because it has several 
advantages. Mode expansions of higher derivative fields become simple and 
the canonical commutation relations have diagonal forms, contrary to the case 
of flat background [38] in which there is an unusual time-dependence in the 
mode expansion and the commutator in general becomes off-diagonal. Also, we 
can use tools developed in the SU{2) representation theory [39], because the 
isometry group of is 50(4) = SU{2) x SU{2). 

The background metric is parametrized using the Euler angles a;* = (a, (3, 7) 

as 

^^%.xs^ — Qixvdx^dx'^ = —drj^ + 'jijdx^dx-' 

= -drf + ^(da^ + d0^ + d-i^ + 2 cos Pdad-f) (4.1) 

The radius of is taken to be unity. The curvatures are then given by Rq^vX = 
Rqh = and 

Rijki = {liklji-linjk), Rij = 2jij, R = 6, (4.2) 
and C'^i.xa- = = 0. The volume element on the unit is 

dfls = d^x^/j = ^ sin f3dadl3d'y, (4.3) 
8 

and the volume is given by 

V3 = / dfis = 27r^. (4.4) 

Dynamical fields are expanded in symmetric-traceless-transverse (ST^) spher- 
ical tensor harmonics [40]. The ST^ tensor harmonics of rank n are con- 
structed and classified using ( J+e„, J—Sn) representation of the isometry group 
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SU{2) X SU{2) for each sign of the polarization index £„ = ±n/2 [17]. They, de- 
noted by ^J^^^"^), are the eigenfunction of the Laplacian on S^, Ds = 7*-' VjVj, 
as 

°sY}\Ml)={-^A2J+'2)+n}Y}l-^-^^, (4.5) 

where J (> n/2) takes integer or half-integer values, and M = {m,m') repre- 
sents the multiplicity for each polarization, 

TTl — J ^n? ^ ~t~ 1^ * * * ? ~t~ 1, "I" 

to' = -J + En, - J + En + l,- ■ ■ ,J - £n- J - Sn (4.6) 

Thus, the multiplicity is given by {2J+l f for n = 0, and 2{2J+n+l){2J-n+l) 
for n > 1 taking into account the polarization. 

The complex conjugate of ST^ tensor harmonics and the normalization are 
defined by 

where the Kroncckcr delta for the index M is defined by 5miM2 = ^mim^^m'^m'^i 
and the sign factor is 

eM = {-I)"', (4.8) 
satisfying = 1. In the following, we use the parametrizations, 

y = ei= ±1/2, .T = £2 = ±1, z = £3 = ±3/2, w = £4 = ±2, (4.9) 

for the polarization indices for the tensor up to rank 4. 

4.1 Scalar fields 

To begin with, let us consider the canonical quantization of the scalar field. 
The action on Rx is written by 

Ix= j drjj^^ dns^X (-52 + 03-1) X, (4.10) 

where the missing dimension in the expression originates from the radius taken 
to be unity. 

The scalar field is expanded in scalar harmonics as X oc e~^'^^YjM- Since 
the equation of motion leads to the dispersion relation ui^ — (2J + 1)^ = 0, we 
write the scalar field as 

^ = E E {^.Me-("+^)''y.M + ^'jMe''''^'''^YJ^} ■ (4.11) 

7>0 M V^i^-J + IJ ' 
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The canonical quantization is carried out in the standard manner setting the 
equal- time commutation relation between X and its conjugate momentum as 

[X(77,x),Px(»?,y)] =i(53(x-y), (4.12) 

where the momentum variable is defined by Px = 5C^ / 5{dr^X) = drjX, denot- 
ing the Lagrangian on the background manifold as . The delta function is 
defined in terms of the complete set of scalar harmonics as 

J3(x - y) = E E 57m (x)ijM(y). (4.13) 

J>0 M 

The creation and annihilation operators then satisfy the commutation relation 

bjiMi, tPjjMs] = <5jiJ2^MiM2, (4.14) 

and the Hamiltonian is given by 

= J^cms:l^lp'x-lx{as-l)X 
= EE(2'^+1)^Wjm, (4.15) 

J>0 M 

where : : denotes taking the normal ordering. 



4.2 Gauge fields 

In order to quantize gauge fields we have to fix the gauge symmetry. We here 
take the transverse gauge, called the Coulomb gauge, defined by the condition, 

VMi = 0. (4.16) 

Then the gauge fixed action on Rx is written as 

Ia = j dn j^^ d^s\^A' {-dl + u^-2)Ai- ^^ons^oj , (4.17) 

where the contravariant vector field is now defined by A' = j'^^Aj. 

Since the kinetic term of the time-component of the gauge field does not have 
its time-derivative, it is not a dynamical field. So, we further remove it using 
the residual gauge degree of freedom preserving the transverse-gauge condition 
as 

Ao = 0. (4.18) 
This is the so-called radiation gauge. 
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The transverse gauge field is expanded in vector harmonics as A* cx e~^'^^Yji^My)- 
Since the equation of motion leads to the dispersion relation u'^ — {2J+ 1)^ = 
equal to that of the scalar field, we write the gauge field as 

J>LM,y V^(^'J + ^) 

(4.19) 

The conjugate momentum is given by P\ = dr/A^ and the equal-time commu- 
tation relation is set as 

[^'(77, x), Pi (77, y)] = iSl\^-y), (4.20) 

where the delta function is defined in terms of the complete set of transverse 
vector harmonics as 

4^(x-y) = E E^J(M.)W>'i(M.)(y)- (4-21) 

The commutation relation for each mode then becomes 

[9ji(Mij/i),aj2(M23/2)] = ^JiJ2^MiM2^yiy2^ {4.22) 

and the Hamiltonian is given by 



= / rfn3:<|ip^i^-A-lA^(D3-2)A, 



= Y.Y.^'^J+MiMy)^J{My). (4.23) 
J> i M,y 

4.3 Gravitational fields 

In order to treat the Weyl action, we decompose the traceless tensor mode 
as ^ 

/loo = h, hoi = hi, hij = h}j + --jijh, (4.24) 

where /i-J is the spatial component satisfying the traceless condition h^"^ = 0. 
Then, the gauge transformation (3.8) is decomposed as 

3 1 - 

S^h = -dr,Ko + -VfeK*", 
= driKi + ViKo, 

= WiKj + VjKi- -%VkK\ (4.25) 
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Using the four gauge degrees of freedom «;'*, we take the transverse gauge 
defined by the conditions 

\"h, = V^/i*J = 0. (4.26) 

Introducing the transverse vector field hj and transverse-traceless field hj^^ , the 
gauge conditions can be written as 

h, = hf, h\] - hj^. (4.27) 

Then, the combined system of the Wess-Zumino and the Weyl actions (2.14) on 
i? X 5^ is written in the transverse gauge as 

/cFT = j dnj^^ dn, I - ^0 {d^^ - 2a,d^^ + al+ 45^) </. 

-i/.^.^ {dt, - 2U,dl + Ul + - 4D3 + 4) 
+hj (Ds + 2) {-d^ + 03-2) hir 

-l-h{16D3 + 27)a3h\. (4.28) 



27 

Since the kinetic term of the h field docs not have its timc-dcrivativc, this 
mode is not dynamical. So, using the residual gauge symmetry preserving the 
transverse-gauge condition, we take the radiation gauge defined by 

h = 0. (4.29) 

Furthermore, since the mode of transverse vector field satisfying the equation 
(□3 + 2)hJ = 0, which is denoted by the J = 1/2 vector harmonics, is not 
dynamical, we remove it as 

/i?lj=i=0. (4.30) 
We call this choice of the radiation gauge as the radiation"*" gauge [17]. The 
residual gauge symmetry in the radiation"*" gauge is equal to the conformal 
symmetry, which is discussed in the next section again. 

The fourth-order gravitational fields are quantized following the Dirac's pro- 
cedure [41]. Let us first quantize the conformal mode. Introducing the new 
variable x = djjcf), we rewrite the action in the second order form 

l4> = Jdv J^^ dn^!^~^ [{dr,xf + 2xa3X - 4x' + + v{dr,ct> - x)^ 

(4.31) 

where the v field in the last term is the Lagrange multiplier. The Poisson 
brackets are then set as 

{x(r?,x),Px(^,y)}p = Wv,^),P4>in,y)}p 

= {v{r,, x), in, y)}p = (53(x - y), (4.32) 
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where the conjugate momenta for Xi and v are denoted as Py^, P^ and P^, 
respectively. 

Since x is of the second order, it has the ordinary momentum = — (&i/47r^)9r,X) 
while and v are of the first order and the zeroth order, respectively, and thus 
they give the constraints 

= - ~ 0, ip2 = P^c^0. (4.33) 

The constraints define the submanifold of the phase space spanned by the six 
variables of x, <!>, v and their conjugate momenta, and the weak equalities imply 
that they are realized on the submanifold. 

The Poisson brackets among these constraints are given by 

Cab = Wa,^b}p= 1^ J (4.34) 

where a,b = 1,2 and the delta function is denoted by 1. Since detCo5 ^ 1, 
these i^o's are the second class constraints. In order to treat these constraints, 
we introduce the Dirac bracket defined by 

{F, G}d = {F, G}p - {F, <^a}pC„V{V6, G}p. (4.35) 

The Dirac bracket has the same properties as the Poisson bracket has. Since 
the constraints satisfy the equation {F,(pa}D = for arbitrary F, the Dirac 
bracket is identified with the Poisson bracket on the submanifold. Taking the 
Hamiltonian for instance, it implies that the constraints are preserved under the 
motion on the submanifold. 

The Dirac brackets for the four variables on the submanifold are given by 

{x(r/,x),F^(r?,y)}D = {</>(r,, x), F^r,, y)}D = Ssi^-y) (4.36) 
and the Hamiltonian is written as 

H^ = Jdnsl^- ^P^ +P't>X+^ [2XD3X - 4x' + (Ca.^)'] I . (4.37) 

The equations of the motion are then given by 





= {<^,H>=x, 




driX 


= {x,Ht'}^ = -—P^, 




B P 


= {P^,H'^}^ = -P4,-^U^x+^X, 




dnP(t> 


= {P„H^}n = -^oU. 


(4.38) 
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The canonical quantization is completed by replacing the Dirac brackets with 
the commutators, 

[x(77,x),P^(77,y)] = [0(?7,x),P^(77,y)] =i^3(x-y). (4.39) 

The conformal-mode field is expanded in scalar harmonics as ^ a e~"^''YjM, 
and the equation of motion obtained from the action (4.28), or (4.38), is written 
as 

- (2J)2}{a;2 - (2J + 2f}(l) = 0. (4.40) 
Solving the equation of motion, we write the field as 

j>i M y '>\^'' + -Lj ^ 

- EE ^pTWTTj ('--•'"«'-™ - *i„e--"v7„)}. 

(4.41) 

where Yoo = 1/>A^ — ^/^/^- Calculating the field variables Xi Px P<t> 
using the equations of motion (4.38) and setting the equal-time commutation 
relations (4.39), we obtain the commutation relation for each mode as 

(4.42) 

Here, ujm and bjM are the positive-metric and the negative-metric operators, 

respectively. 

The Hamiltonian is calculated from expression (4.37). Taking the normal 
ordering we obtain 

H"^ = lf + b, + Y^ Y^{2j4MajM - (2 J + 2)b\MbjM}, (4.43) 

,/>0 M 

up to the constant shift hi. This energy shift is the Casimir effect depending 
on the coordinate system. Here, it has been determined requiring that the 
generator of the conformal symmetry on R x S^, defined in the next section, 
forms a closed algebra quantum mechanically. 

The quantization of the transvcrsc-traceless field hj^^ is carried out as in 
the case of the conformal mode by introducing new variables written in the 
second order form, while the transverse field hj is the second order and thus it 



17 



is quantized in the standard manner. These fields are expanded in tensor and 
vector harmonics as hl^j, cx and h)j. cx c-'^'^^YJi^j^yS^, respectively. 

From the gauge-fixed action (4.28), the equations of motion are given by 

{a;2 - (2 J)2}{w2 _ (2 J + 2)2}/i^^ = 0, 
(2J-l)(2J + 3){a;2-(2J + l)2}/i?r = 0. (4.44) 

Thus, these fields are expanded as 

= 4 X! / J(2J+1) {^•^(^^)^ '^'^''^J(Mx) + ^l{Mxf''^'^'''^J(*Mx) ] 



„i(2J+2),7yij* \ 

1 i /„ „-i{2J+l)r,Yi 



2^1^ V(2^-l)(2.^+l)(2-^ + 3) 

-4(M,)e^^"+^^''>'j(M.)}- (4.45) 
The commutation relation for each mode is then given by 

Cji(Mia:i),Cj2(M2X2) ~ "~ ^M^ixi), dj^(^j^^x2) = ^JiJ^^MiM^^xix^^ 
eji(Miyi),e^^(;i^^j^^) = -SjijjMiM2Syiy2^ (4-46) 

and the Hamiltonian in the radiation+ gauge is expanded as 

= X) m{2M(Ma;)CJ(Mx) " (2J + 2)4(Mx)'^J(Mcc)} 

- E E(2-^ + ^yliMyfJiMy)- (4-47) 



J>1 M,i 



Here, Cj^mx) has the positive-metric, and djf^Mx) and ej(My) have the negative- 
metric. 

5 Conformal Algebra on Rx 

In section 3, we have seen that the diff'eomorphism invariance in quantized 
gravity is described as the conformal symmetry. We here present the generator 

of the closed conformal algebra on i? x 5'^ [14, 17], and then examine a long- 
standing issue on conformal symmetry that the naive conformal transformation 



18 



does not preserve the gauge-fixing condition in gauge theories [42, 20, 21]. We 
here give the answer in the cases of diffeomorphism symmetry in the radiation"*" 
gauge as well as [/(I) gauge symmetry in the radiation gauge on i? x S^. 

Corresponding to the conformal Killing vectors defined by equation (3.10), 
there are 15 generators of the conformal algebra given in terms of the stress 
tensor for the combined system Iqft as 

Qc= f dn^C ■■ %o ■■ (5.1) 

where the stress tensor is defined by the variation with respect to the background 
metric as 

^ 2 «CFT ^5 2) 

and T^i, = g^xfiuaT^'^ satisfying the tracclcss condition T\ = 0. 

The conformal Killing equation (3.10) is written in components as 

3a^Co+V' = 0, 
5r,Ci+ViCo = 0, 
ViO+V,Ci-^%^ = (5.3) 

where ip = V^C*. Using these equations and the conservation equation of the 
stress tensor, we can show that the generator is conserved: 



-\ [ dn3i;f\ = 0. (5.4) 



dr] 

Solving the conformal Killing equations with respect to tjj, we obtain the 
equations 

(□3 + 3)V = 0, {d^ + 1)V = 0. (5.5) 

The left equation is derived by acting the operator V' to the last equation in 
(5.3). Combining the left equation and other conformal Killing equations, we 
obtain the right equation. Thus, tp is given by 

ip = or V oc e^^'^FiM- (5.6) 

First, we consider the case oi — 0. This solution satisfies drj(o = ^sCo = 
and the Killing equation ViCj + ^jd = 0- One of them satisfying these 
conditions is the constant Killing vector generating the time evolution, 

C^ = (1,0,0,0). (5.7) 
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The other is the KiUing vector generating the isometry group SU{2) x SU{2) on 
S^, which satisfies the KiUing equation and the conditions Co = 9,,Cj = 0. The 
Kilhng vector on can be written in terms of the J = 1/2 scalar harmonics 
asCR = (0,Cr) with 

This vector can be rewritten in terms of the transverse vector harmonics with 
J = 1/2 (see equation (5.21)). 

Substituting these Kilhng vectors into the definition (5.1), we obtain the 
Hamiltonian 

H = [ dfla: Too : (5.9) 
and 6 generators of the rotation group SU{2) x SU{2), 

Rmn = I d^i{Ql^)MN '■ Tio : (5.10) 

is3 

with the properties 

Rmn = —^m^nR-n-m, R^mn — Rnm- (5-11) 
The solution of the conformal Killing equation with ^ ^ is given by 

(Cs°)m = \^Nle'''y^^, {Cs)m = -^V^e^W^i^l^ (5-12) 

and its complex conjugate. Substituting this vector into the definition and 
rewriting it using the conservation equation of the stress tensor, we obtain the 
following expression: 

Qm = v^P(+^ / dn^Yl^ : Too (5.13) 

J S3 ^ 

where p(+) — e*''(l + Z(9^)/2. The integration over S"^ selects out the terms with 
the phase factor e^"', and the projection operator chooses the e^*'' part 
and make the generator time-independent. The generator Qm and its hermite 
conjugates Qjvf are the 4 + 4 generators of the special conformal transforma- 
tions (precisely proper combinations of the translation and the special conformal 
transformation) . 

We here reconsider the radiation+ gauge. The space of the residual dif- 
feomorphism symmetry preserving the radiation gauge conditions, (4.26) and 
(4.29), are defined by the equations, S^h = (SS^Kq -|- tp)/2 = 0, ^^(Vi/i*) = 
dr^i> + DsKo = and (5«(V*/ifj) = (Ds + 2)Kj + = 0, where = V-^*. 
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The space of the residual symmetry in the radiation gauge is bigger than the 
space generated by tlic 15 conformal KilUng vectors. The second equation shows 
that there is the Kilhng vector on satisfying equation i9^k* 7^ represented 
by = (0, /^i/2(Mj/)) arbitrary function of time, /. So, using this residual 
gauge degree of freedom we can remove the J = 1/2 mode in the transverse 
vector field /i^ (4.30). This is the radiation+ gauge, and then the residual dif- 
feomorphism symmetry becomes the conformal symmetry generated by the 15 
conformal Killing vectors. 

The 15 generators of the conformal symmetry form the closed algebra of 
50(4,2): 



[H, Qm] 
[H, Rmn] 
[Qm, RM1M2] 

[RMiM2, RM3M4,] 



25mnH + 2Rmn, 
—Qm, 

[Qm, Qn] = 0, 

SMM2QM1 — ^Mi^M2^M-MiQ-M2, 
5MiMiRM3M2 — eMiCMa^-MsMi-RMa-Mi 
— SM2M3RM1M4 + eMiEMs^-MiMg-R-MaMi- (5-14) 

The Hamiltonian on the cylindrical background RxS^ is the dilatation operator 
counting the conformal weight of the state. ^ The rotation generator Rmn has 
the vanishing conformal weight and has a diagonal form for each mode labeled 
by J. On the other hand, the generator of the special conformal transformation 
Qm has the weight —1 (its conjugate has the weight 1), and it is the 4- vector 
on SU{2) X SU{2). Thus, this generator is given by a 4- vector constructed as 
a proper combination of creation and annihilation modes with different weights 
by 1. 

The rotation algebra can be rewritten in the familiar form of the SU{2) x 
SU{2) algebra. Parametrizing the 4-vector {(i, i), (5, -^), (-5, 5), (-^, -^)} 



by {1, 2, 3, 4}, and setting = R31, A_ 



Rli,As 



(iill+J?22)/2, — i?2l, 



S_ = and B3 
form 



— i?22)/2, the last algebra in (5.14) is written in the 



[A+,A^] 
[B+,B^] 



2 A3, 
2S3, 



[A3,A±] 
[B3,B±] 



±A±, 
±B±, 



(5.15) 



^It can be seen considering conformal map y —* r = from the Euclidean R x with 
the metric dy^ + (if2| to with the metric dr^ + r^<in|. The dilatation r e"r is just the 
time translation y — » y + a on the cylindrical manifold. The procedure for defining a quantum 
theory on i?** is known as radial quantization [43] . A quantum theory on the metric oi Rx 
(4.1) is yielded by the analytical continuation, y = irj. Therefore, each mode with the time 
dependence e*^'' has the conformal weight E. 
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where ^±,3 and B±^s commute. The generators ^±,3(-B±,3) act on the left 
(right) index of M = (m, m'). 

The four-dimensional quantum gravity is now decomposed into four sectors: 
the scalar field, the gauge field, the conformal mode and the traceless tensor 
mode. The full generator is given by combining all sectors as 

Qi = Qi +Qt + Qt + Qc (5-16) 

5.1 Scalar fields 

Let us first construct the generator of the conformal algebra for the scalar 
field. The stress tensor is given by 

(5.17) 

The trace of the stress tensor vanishes in proportion to the equation of motion 
as 

f ^1 = (^-V2 + \r)x = 0, (5.18) 

and thus the generator is conserved. 

The Hamiltonian is given by (4.15) and the generator of the special 
conformal transformation is calculated by using expression (5.13) as [14] 

J>0 Ml M2 

(5.19) 

The C function is the SU{2) x SU{2) Clebsch-Gordan coefficient defined by the 
integral of three products of scalar harmonics over S^, 

^JiMi,J2M2 = VV3 / dn^iYjj^Yj^MiYj^M^ 
J S3 

_ / (2Ji + l)(2J2 + l) ^j^ ^jm' fc- r,n^ 

~ Y 2J +1 *-^Jimi,J2m2*-^Jim'i,J2m^' 

where Cj^^ j^^^ is the standard SU{2) Clebsch-Gordan coefficient [39]. 

In order to obtain the rotation generator, we write the Killing vector using 
the J = 1/2 vector harmonics as 

(^r)m;v =4^Eg|;^,);.^^(v,)- (5.21) 

V,y 
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The G function is the SU{2) x SU{2) Clebsch-Gordan coefficient defined by the 
integral [17] 



'^Ji(Mij/i);J2M2 — V V3 



dn:,Y^MY},(M,y,)ViYj,M.. (5.22) 
Using this function, the rotation generator for the scalar field can be written as 

i?^iv = -^EEEE(-^v')G|ry.);i.rGjJ^,)^,s.^k^^5- (5-23) 

J>0 Si S2 V,y 

Substituting the concrete forms of the G functions, 

(~<2^ /O JlO T _1_ O^/^i™ ,^2™ 

GWy),JN = -V2J(2J + 2)Cf;;,_,„Cp^^,,„„ (5.24) 
we obtain the following form: 

= EE'^™ + '^')'^^mVjm, 

J>0 M 



R22 = ^Y.^rn-m')ip^jj^ipjM, 

.7>0 M 

= E E V(-^ - + + ™')4m</'jm- 

J>0 M 

-^^1 = E E ^/(•^ - + + m)^jM^JM, (5.25) 

J>0 M 

where the indices with over and under lines are defined by M = (m, m' — 1) and 
M ~ (m — 1, mf), respectively. 

The conformal transformation of the scalar field (3.12) is then expressed in 
terms of the commutator as 

6(;X = i[Qf , X]. (5.26) 

It is known that the time translation Sq^X = dj^X is expressed by the commu- 
tator i[H^,X]. For the case of the special conformal transformation, we can 
directly see that the transformation (3.12) with (5.12) is expressed by the 
commutator i[Q-^,X] using the product expansions 



V3I ^ 

+(2J + 2)EcJ^,_i^50-i4- ^^-^^^ 
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5.2 Gauge fields 

The stress tensor for the gauge field is given by 

f;t = F^xK^ - \g^,F^,F^''. (5.28) 

where the space-time index of the gauge field is raised using the background 
metric as F'^ = g^^F\i,. The trace of the stress tensor trivially vanishes, and 
thus the generator of the conformal algebra is conserved. 

We here give the generators in the radiation gauge defined by Aq = V'Aj = 
0, (4.16) and (4.18). The Hamiltonian has already calculated in (4.23). The 
generator of the special conformal transformation is given by [17] 

«M = E E E ^'"M.y.UHiM.y.W{'2J+l){2J + 2) 
J>i Ml ,3/1 M2,V2 

x(-eMi)g^(_Mi3;i)9j+i(M23/2). (5-29) 

where the D function is the SU (2) x SU (2) Clebsch-Gordan coeSicient defined 
by the integral of the product of one scalar and two vector harmonics over 
[17]. We here write the expression for the special case of the D function that 
appears in the generator, 

= \/7(27T3)c}" ,^1^ Cf"' , ,^1 

^ ^ ' J+yim,i,J + -^+y2m2 J-yim'^,J+^-y2m'^ 

(5.30) 

The rotation generator is not depicted here because we do not use the explicit 
form of it below. 

Now, we discuss the issue on the conformal invariance in gauge theories. The 
conformal transformation for the spatial component of the gauge field is written 
in the radiation gauge as 

5^Ai = C°a^Ai + (^^WjAi + i^-^, + 1 (Vi^ - V^Ci) A,. (5.31) 

The gauge-fixed action is invariant under this naive conformal transformation. 
However, this transformation does not preserve the transverse gauge condition 
(4.16) for the special conformal transformation, J^g . The time component of the 
gauge field also transforms as 

5cAo = VXC°^i)- (5-32) 
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Thus, the radiation gauge is not preserved under the special conformal trans- 
formation. 

Since the time translation and the rotation preserve the gauge conditions, 
we focus on the special conformal transformation below. Using the product 
expansions 

^ ^V,y' V,y' 

+ 2J(2J + 2) 5 ^5(^.);^sV^i7s}, 

^'y^^M^jYhNy) 

~ ^A^ I 2^ J{Ny),J+i{Vy')^J+hiyv') 

+(2J + 2) ^ T>'j^^y^j_^^^^,^Y}*_^^yy,^ 

V,y' 

+ 2J(2J + 2) ^^^(^^);^^'^'^-^*^}' ^^-^^^ 

we can show that the conformal transformation in the radiation gauge (5.31) 
with the conformal Killing vector = is written as 

ScsAi=i[Qii,Ai]+ViXs. (5.34) 

The second term in the right-hand side breaks the transverse gauge conditions, 
which is given by the mode-dependent scalar function 



zqj(Ny)e *^J{Ny);JS 



+ 2JT^'^V.)^^^''^''''(-^^)GI(-a..);.s}^;s- (5.35) 

The breaking term has the form of the U{1) gauge transformation. So, we 
consider the gauge transformation with the parameter As, 

Sx,A^ = V^As, (5.36) 

and rewrite the conformal transformation in the form 

(5f s Ai-dxsAi = i[Q^,Ai]. (5.37) 
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We can then show that the transformation of the time-component field satisfies 
the equation 

- SxsAo = V*(CgA,) - 9^ As = 0. (5.38) 

Thus, the transformation yielded by the generator of the conformal algebra 
is expressed in terms of the combined transformation 

dj = 6<:-6x,, (5.39) 

where the mode-dependent gauge parameter is given by Ag for the generator 
and vanishes for the Hamiltonian and the rotation generator, such that 

S^Ai = i[QfAi], 

6jAo = 0. (5.40) 

This transformation just forms the closed algebra with preserving the radiation 
gauge. 



5.3 The conformal mode 

Taking the variation of the Wess-Zumino action with respect to the back- 
ground metric, we obtain the stress tensor for the conformal mode, 

+4^^aV VV,0 + 4i?,AVVv^0 - ^i?,^,VA0VV - ^i?V^<^V.<^ 
-^V^V.V^,^ - 4^^A.aV^V"<^ + yi?^.V2(^ + 2RV^V.ct> 
-4^^aV^V.0 - 4^,aV^V^</. - ^V^W..^ - ^V.RV^(f> 



V2^V2^ - ^v^V2</.Va<^ - ^V^V^</.VaV,</. - ^i?A<.vVv° 



+lRV^cj)Vx4> + ^ VV + 4^AaV^V^(/) - 2WV + \v^RVx(t> 



(5.41) 



The trace of the stress tensor vanishes in propotion to the equation of motion 
as 

T'^\ = -^A4</. = 0, (5.42) 
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where £^4 = on i? x 5^, and thus the generator of conformal algebra is con- 
served. 

The Hamiltonian has been computed in (4.43). The generator of the 
special conformal transformation has the form [14] 

Qm = {V^-ip)a^M 

J>0 Ml M2 

+/3(J)eMifcj_Mi^J+iM2 + liJ)'^M2a\^i_M^,bjMi], (5.43) 
where the C function is defined by equation (5.20) and the coefficients are given 

by 

a{J) = \/2^(2J + 2), (3{J) = - ^/ {2 J +1){2 J + 3), j{J) = I. (5.44) 

The significant property of the generator is that this generator mixes the 
positive-metric mode and the negative-metric mode. The rotation generator is 
not depicted here because we do not use the explicit form of it below. 

We here give a crossing relation among the SU{2) x SU{2) Clebsch-Gordan 
coefficients which is useful to check that these generators just form the closed 
algebra and to obtain physical states in the next section. Consider the integral 
of four products of scalar harmonics over S^, 

[ dnsYX^^Yj^M.YXMsYj.M,- (5-45) 
Applying the product expansion 

yjiMiYj^M2 = XI m ^J^Mi,J2M2^JM (5.46) 

^ J>0 M 

to four products of scalar harmonics, we obtain the crossing relation [17] 

7>0 M 7>0 M 

Using the crossing property with Ji = J3 = 1/2 we can reduce the calculation 

of the commutator [Q^, Q'^] in the conformal algebra. 

The conformal transformation of the conformal mode (3.15) is written in 
terms of the commutator as 

5^4> = i[Qt<l>]- (5.48) 

It can be shown by using the product expansion (5.27) as in the case of the 
scalar field. 
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5.4 The traceless tensor mode 

We here study the generator for the traceless tensor mode and the property 

of the conformal transformation in the radiation''" gauge. 

The Hamiltonian H'^ has been derived from the Weyl action in (4.47). The 
generator of the special conformal transformation is given by [17] 



<3m - X) X) X] ^7(Mia;i),J+i(M2X2){"('^)^^i^VMixi)C7+i(M2X2) 

J>1 Ml,Xl M2,X2 

+/3(>/)eMi4(-Mir,:i)^J+i(M2a;2) + 'T('^)eM24+i(_M2X2)^-^(Mixi)} 

+ X X X Hj(Mixi);J(M23/2){^'^-^)^Afic|,(_Mixi)^./(M23/2) 
J>1 Mi,xi M2,y2 

-B{J){-eM2)el^_M2y2)'iJiMlX^)] 

~X X X ^J(Mi3/i),J+i(M2y2)*^*^"^^*^~^^i^^A-Miyi)^^+|(M2j/2)' 
J>1 Mi,j/i M2,y2 

(5.49) 

where the coefficients, a{J), /3(J) and 7(J) are equal to those in the generator 
for the conformal mode (5.44). Other coefficients are given by 



A{J) 
B{J) 



AJ 



(2J- l)(2J + 3)' 

' 2(2J + 2) 
(2J- l)(2J + 3)' 



The E and H functions are the SU{2) x SU{2) Clebsch-Gordan coefficients 
defined by [17] 

^J(Mixi),J+i(M2X2) = V^^^C^i^35^lM^j(Mixi)^uV+i(M2X2) 

* ^ ^ j+ximi,J + ^+X2m2 J— xim^, j+2 — X2m2 



Hj(Mixi);J(M2!/2) ^ "^^^3 / rfOsYfj^^^y^^j^^^^^) V,Y,j(M2j/2) 



V(2 J - 1)(2 J + ^)C]Z,mM.m2C! 

(5.51) 



and the D function is given by (5.30). 
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The stress tensor for the Woyl action is quite complicated, and so we have 
derived the generator of the special conformal transformation indirectly: assume 
a generic form with arbitrary six coefficients, a, /?, 7, A, B and C, and then 
determine them imposing the condition that the generator forms the closed 
algebra of conformal symmetry. The conventions of the mode expansion (4.45) 
and the coefficients in the generator are fixed so as to match the conformal 
transformation discussed below. 

We here emphasize that the manner to derive this algebra is generic, and 
thus the existence of the cross terms of the positive-metric and the negative- 
metric modes means that the higher-derivative gravitatioal action including the 
negative-metric modes is required in order for quantum diffeomorphism symme- 
try to form the closed algebra. 

The conformal transformations (3.11) in the radiation"*" gauge are written in 
components as 

S^h = 2V''{C°hl). (5.52) 

These transformations do not preserve the radiation"*" gauge for the case of 
special conformal transformation. 

As discussed in the case of the conformal symmetry in the U{1) gauge theory, 
this problem can be solved by considering the combined transformation, 

Sc=Sc-S,^, (5.53) 

where the gauge transformation S^^ is defined by (3.8) with the mode-dependent 
gauge parameter k'^ which is given by Kg in Appendix for the special conformal 
transformation generated by and vanishes for the time translation and 
the rotation. These transformations form the closed algebra of the conformal 
symmetry such as 

t[Ql,hJ], 

0, (5.54) 
which preserve the radiation"*" gauge. 



SjhJ 

s7h 
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6 Physical States and Scaling Dimensions 



In a scale-invariant space-time, we can not have the ordinary particle picture 
such as propagating on a classical space-time any longer. Physical states are 

generated by conformal symmetry, and they arc classified by the representation 
of conformal algebra [17, 18], as in the case of two-dimensional quantmn gravity 
states defined by the Virasoro conditions [8, 9]. In this section, we examine such 
a four-dimensional quantum gravity state and its physical properties. 

A conformally invariant vacuum annihilated by all the generators is uniquely 
determined by 

117) =e-2''i'^o|0), (6.1) 

where (pQ = qj \J2h\ is the zero mode of the conformal-mode field and |0) is the 
standard Fock vacuum with the zero eigenvalue of p. The exponential factor 
indicates the background charge coming from the £'4^ term in the Wess-Zumino 
action. The physical states are spanned by the Fock space generated on the 
conformally invariant vacuum as 

|phys)=0(a^,^,6|,^,...)|f7). (6.2) 

They satisfy the conformal invariance conditions [17, 18] 

QMjphys) = 0, 
(//-4)|phys) = i?MJvlphys) = 0. (6.3) 

The eigenvalue 4 of the Hamiltonian indicates that the physical states has the 
conformal weight 4, so that its volume integral has the vanishing weight in four 
dimensions. The ghost fields in the radiation"*" gauge, which have 15 degrees of 
freedom, are decoupled and considered to be integrated out. If we consider the 
full generators including the ghost sector, the Hamiltonian condition has the 
Wheeler-DeWitt form of iJ = [14, 18]. 

The physical state is now decomposed into four sectors: the scalar field, the 
gauge field, the conformal mode and the traccless tensor mode. Each sector 
consists of the Hamiltonian eigenstates satisfying the Qm condition. We first 
construct such states, and then impose the Hamiltonian and the rotation in- 
variance conditions after combining all sectors. As examples, we here give the 
results for the scalar field and the conformal-mode field sectors. 

In order to find states satisfying the Qm condition, we seek a creation oper- 
ator that commutes with the generator. We first consider the scalar field sector. 
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The commutator between the generator and the creation mode is given by 

[Q^,^ImJ = VmjTT)J2eMMZ.^j_._^yj_^^^, (6.4) 

M2 

and thus the creation operator that commutes with Q-^ is only the lowest mode 
ipQQ with the conformal weight 1. We here impose the Z2 symmetry X <-> —X, 
and thus the odd products of the scalar field modes are removed below. 

Next, we look for creation operators constructed in a bilinear form. Con- 
sider the operator with the conformal weight 2L + 2 belonging to the {J, J) 
representation of the isometry group SU{2) x SU{2), denoted as 

L 

K=0 Ml M2 

The commutator between the generator and this operator is computed as 

L 



K=0 Ml M2 



JN 

L-KS,KM2 



X ^1 V(2i - 2K){2L -2K + 1)/(L, K)esCl^^_,^^^,_^_,C 
s ^ 

+^{2K + l){2K + 2)f ^) e54i^,^+i_^C^^j^,^_^_iMi}- 

(6.6) 

Using the crossing properties of the SU{2) x SU{2) Clebsch-Gordan coefficients 
(5.47), we find that the right-hand side vanishes if and only if J = L and L is 
a positive integer, and the function / satisfies the equation 



f^TK^'^^- {'^L-2K){2L-2K + l) 

H ' ^ 2 J - "Y (2i^ + l)(2i^ + 2) (^-^^ 

Solving this recursion relation, we obtain 

^{2L-2K + 1){2K + 1) \2K J ^ ' 

up to the L-dependent normalization. Thus, we obtain the invariant cre- 
ation operators, denoted as = ^^ln below. 

By joining these operators using the SU (2) x SU (2) Clebsch-Gordan coef- 
ficients, we can construct the basis of QM-invariant creation operators in the 
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scalar field sector. Due to the crossing properties of the Clebsch-Gordan coefR- 
cients, any QM-invariant creation operators will be expressed in such a funda- 
mental form. Thus, this operator is expected to be the building block of physical 
states in the scalar field sector. 

Similarly, we can construct building blocks for the conformal-mode field 
sector. The commutators between the Qf^ generator and the zero modes are 
given by 



ai 



0. 



For the creation mode a^, we obtain 

= (\/26r - ip)SM,Mi , 



Ml 



(6.9) 



^4> t 



(6.10) 



M2 



where J > 1. For 6^, we obtain 



M2 



^ ^ M2 



eM2C 



(6.11) 



where J > 0. 

Since there is no creation mode that commutes with Q^, we look for op- 
erators constructed in a bilinear form, as in the case of the scalar field sector. 
Using the crossing properties of the SU{2) x SU{2) Clebsch-Gordan coefficients, 
we find two invariant combinations with the conformal weight 2L: 



^^^x(L,K)Ci 

-KMi ,KM2 '^L-KMi M2 ' 



K=\ Ml M2 

K=h Ml M2 



L-KMi,KM2"'L-KMi"'KM2 



L-1 



-K-lMi,KM2b^L-K-lMi^\<:M2 

K=\ Mi,M2 

for integers L>1. The coefficients are given by 



(6.12) 



x{L,K) 



(-1) 



2K 



^/{2L-2K +1){2K + \2K J \ 2K - 1 



2L 



2L-2 
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y{L,K) 



-2^/{2L -2K- 1){2L -2K + l)x{L, K). 



(6.13) 



For any half-integer L, these functions vanish. The p-dependent operators are 
given by 

1 



x{p) = 



^2(2L- 1)(2L+1) 
-V2{^y2h -ip). 



(6.14) 



These two types of operators are expected to be the building blocks of physical 
states in the conformal-mode field sector, which are summarized in Table 1. 



rank of tensor index 





creation operator 
weight (i e Z>i) 


2L 



Table 1: Building blocks in the conformal-mode field sector 

The creation mode that commutes with Q'l^ in the traceless tensor field 
sector is only the lowest positive-metric mode, c^J^^^^ , in the transverse-traceless 
field fiij^. The QM-iiivariant creation operators constructed as a bilinear form of 
the creation modes are rather complicated. We have to consider such operators 
including the tensor indices up to rank 4. We do not here present the explicit 
forms of such operators, which have been classified in [18] using generalized 
crossing properties for tensor harmonics. They will give the building blocks for 
the traceless tensor field sector listed in Table 2. Any Q^-invariant states are 
expected to be constructed from these building blocks. 



rank of tensor index 


12 3 4 


creation operator 
weight {L e Z>3) 


Rt nt Rt 

^LN ^L-^{Ny) ^l(Nx) ^L-^(Nz) ^L{Nw) 

•^L-IN '^L-\(Nw) 

2L 2L 2 2L 2L 



Table 2: Building blocks in the traceless tensor field sector 

We now construct the physical state satisfying all the conditions (6.3). 
Firstly, consider the states that depends only on the zero mode of the conformal- 
mode field satisfying the QM-invariancc condition, which is given by 

= e'P^\n) = e'f^'^°|Jl). (6.15) 
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This is the eigenstate of p with the eigenvalue p + i\/2bi. The general state 
satisfying the conditions for Qm and Rmn is constructed by acting those build- 
ing blocks on the state \p, fi) , with all the tensor indices contracted by us- 
ing the SU{2) X SU{2) Clebsch-Gordan coefRcients. This state is denoted by 
T^n{S\ ■ ■ ■)\p, where the operator TZn carries the conformal weight n of an 
even integer. The Hamiltonian condition gives the equation {p + iV2&i)^/2 -|- 
61 + n = 4, so that p should have the purely imaginary value — i7n/-\/26i with^ 



= 4-n + -^(4-n)2 + o(l/6?), (6.16) 
4oi 

and thus we obtain the physical state 

7^„(5^•••)e^"^''|^^). (6.17) 

Here, the solution that 7„ approaches the canonical value 4 — n in the large hi 
limit is selected. For each gravitational state, there is a field operator O such 
that the state is given by the limit: |phys) = lim^^joo e~*^''0(?7, x)|0). 

As examples, we show the lower n gravitational states up to 4 coupled to 
the scalar field in the followings. The lowest weight state is the gravitationally 
dressed state of the identity operator, 

eT^-^^lfi), (6.18) 

which corresponds to the cosmological constant, or the physical metric field, 
■v/^. For n = 2, there are two gravitational states, 

5toe^^*"N>, <^l^e^-^^>\n). (6.19) 

The left-hand side corresponds to the scalar curvature, ^/^R, and the right- 
hand side is the gravitationally dressed scalar field, ^/^X"^. For n = 4, there 
are five gravitational states, 

N,x N 

Ho4o\^), (Hofl^), (6-20) 

where 74 = is taken into account. The first state corresponds to the square of 
the Weyl tensor, ^/—gC'^i,\„ , and the second is the square of the scalar curvature. 



^The Wess-Zumino coefficient (2.13) satisfies 61 > 4 for non- negative numbers, Nx, N'w' 
and Na- 
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^/—gB?. The third is a diffcomorphism invariant state independent of the first 
two states. The last two states are the dressed scalar fields, y/^RX"^ and 
•^^X^, respectively. 

The gravitational corrections has the purely imaginary value of the zero- 
mode momentum p. This is a peculiar property of quantum diffcomorphism 
invariant states. If the zero-mode momentum were real, the conformal field could 
be normalizable in the sense of delta function as J d(poe^P 't>ag-v4>o — §(^p' _ 
The pure imaginary value implies that the diffcomorphism invariant state is 
real, and thus not normalizable in the usual sense. In order to evaluate two 
point correlation functions, we have to introduce the potential term with the 
zero-mode charge 7„ such as the Einstein term to settle the zero-mode integral, 
as in the case of two-dimensional quantum gravity [6, 7, 10]. The correlation 
function has a power-law behavior with respect to the mass scale in the potential 
term. 

Although it is difficult to calculate such a two-point correlation function, 

we can evaluate the scaling dimension of the physical conformal field from the 
scale transformation property. Consider that the conformal field On with the 
zero- mode charge 7„ has the scaling dimension A„, and it transforms as 

d-^xOn ^ io^-^"d^xOn (6.21) 

under the constant Weyl rescaling defined such that the cosmological constant 
field transforms as Aq = 0. The; Wcyl rc;scaling is equivalent to the constant 
shift of the zero-mode, 00 ^ + (4/7o) Ino;. By this shift, the conformal field 
d'^xOn changes to oj*^"/'"'d'^xOn. Thus, we obtain the relation 

A„ = 4 - 4— (6.22) 

70 

for even integers n > 0. This is the physical scaling dimension of the conformal 
field On satisfying the bound of A„ > 1 [44, 21], which approaches the canonical 
value n at the large hi limit. The scaling behavior of the two-point correlation 
of On is determined by the scaling dimension A„. 

These diffcomorphism invariant physical states are composite states in which 
the positive-metric and the negative-metric modes are mixed due to conformal 
symmetry and the negative-metric mode does not appear independently at all. 
This suggests that the correctness of the overall sign of the gravitational action 
given in a diffcomorphism invariant combination, not the sign of each mode, 
is significant for unitarity. Since the gravitational actions are bounded below 
as discussed in section 2 and the diffcomorphism invariance seems to force the 
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physical state to be real quantum mechanically, it is expected that the ampli- 
tude of their two-point correlation function becomes positive due to no factor 
violating the reality in the viewpoint of symmetry. 

7 Conclusion and Discussion 

In this paper, we examined quantum diffeomorphism symmetry in four- 
dimensional quantum gravity on the cylindrical background Rx S^. We showed 
that conformal symmetry is equal to a residual gauge symmetry of diffeomor- 
phism invariance in the radiation+ gauge. We also showed that the conformal 
transformation preserving the gauge-fixing condition that forms a closed alge- 
bra is given by a combination of naive conformal transformation and gauge 
transformation with a certain mode-dependent parameter. 

The conformal invariance forces us change the aspect of space-time at high 
energies above the Planck scale, where a traditional S-matrix description is not 
adequate at all. Consequently, this requires a new prescription to deal with 
nc^gativc-metric modes which can be carried out by making use of the conformal 
symmetry. 

The physical state in such a non-perturbative regime was constructed in 
terms of the composite conformal field by solving the conformal invariance con- 
dition, and its physical scaling dimension was calculated. Then, the unitarity 
issue of gravity was discussed in the context of conformal field theory. It is 
suggested that since the rcnormalizable gravitational action has the right sign 
ensuring that the path integral is well-defined, the diffeomorphism invariance 
seems to preserve the reallity of the conformal field like the scalar curvature 
quantum mechanically and thus it is expected that its two-point correlation 
function becomes positive. The two-point correlation of the scalar curvature 
will give a power-law spectrum of the universe in the initial stage of inflation 
[34, 35, 36]. 

We here give a brief comment on the unitarity argument [25, 26, 27] done 
in 1970's based on the idea of Lee and Wick [45, 46]. The essence of their 

idea is that the positive-metric and the negative-metric modes in a higher- 
derivative field are mixed by interactions so that the ghost pole in the resummed 
propagator disappears from the real axis due to radiative corrections in the case 
of asymptotically free theory. Although this idea is still meaningful when we 
discuss the connection with real world, one can not avoid the appearance of the 
asymptotic ghost state after all, because in those days higher-derivative models 
have no symmetry mixing the positive-metric and the negative-metric modes 
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so that the ghost mode becomes gauge invariant when the interaction turns off 
at the vanishing coupHng limit. Furthermore, the asymptotic freedom means 
that the perturbative picture that free particles propagate in Minkowski space- 
time arises at very high energies. On the other hand, in our model it implies 
that there is no classical space-time to define such particle states, but totally 
fluctuating quantum space-time with exact conformal symmetry, which mixes 
gravitational modes in a diffeomorphism invariant manner. 

The asymptotic state should be defined by the classical limit H ^ 0. As 
discussed in section 2, since U appears in front of the lower-derivative action, 
four- derivative gravitational fields describe purely quantum mechanical virtual 
states. Thus, the asymptotic state exists only at low energies below the dynam- 
ical energy scale Aqg where the dynamics is ruled by the Einstein action. If we 
wish to define the S-matrix, we have to prepare the asymptotic state far from a 
place where quantum gravity turns on such as the center of a black hole. 

Finally, we give a comment on another formulation of quantum gravity: a 
four-dimensional simplicial quantum gravity based on the dynamical triangula- 
tion. This is a formulation adopting the background-metric independence as the 
first principle. The path integral over metric function is replaced by the sum- 
mation over all space-time configurations numerically in a simplicial manifold. 
In the recent analysis it has been recognized that these two methods belong to 
the same universality class [47, 19]. 



Appendix 
A Gauge Parameter 

The parameter Kg = {Kg,Kg) in the combined transformation for the trace- 
less tensor field is given by 

8 ^1 v/(2J-l)(2J+l)(2J + 3) 

^ I ^ E E ^sGj^^^yj_sej^rfy)e-'^'''Yjs 

^ N,v S 

+^ E E(--)G5("..);.s4(.,)e^^-+^)''y;s} 

N,y S ^ 
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and 

(ks)m = 

i \. ^ 1 

4^^y(2j"-l)(2J+l)(2J+ly 

N,y V,y' 

N.y V.y' 

2jZ^Z^^ J{-Ny),J+i{Vy'fj{Nyf ^ J+H^v') 

N,y V,y' 

+ I Wl'-e^rm^^ ei(2J+2)r,yfe* 1 

+ 27 + 2^^*^ ^'^^ J{-Ny),J-i{Vy'fj(Nyf ^ j-l,^Vy') ( 

N,y V,y' ' 



8^^/7(2771) 

KS.x V,y' 

(2J- l)(2J + 3) 2^ 2^'^^"-J{-Nxy,J{Vy'fj{Nxf ^J{Vy')j 



^8^^/PT1)(2JT1) 

^{ ~ (2J- l)(2J + 3) ^J2y^^^^J(Nxy,Ji-Vy')dj{Nx)e~'^^-'+^^''Y}^vy') 



+ 2J + 3 ^ ^ '^N"-Ji-Nx);JiVy')'^J(Nxf ^J{Vy') J 



i 



x/(2J-l)(2J+l)(2J + 3) 

1 f V^V^ ^hM 



■2J(2J+2) 



N.y S 

+ EE(-^-)G5(-.,);.se!.(.,)e^^^^^^^''V'=>^;4. 



N,y S 

The product expansions used to determine are 
Y* Y'^i 

J(Nx) 
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V » J _/ rp , 



' J{Nx),.J-^{Tx') J-^{Tx') 
^T.x' T.x' 



+ 



(2J-l)(2J + 3)^_^ 



/V^l J(JVx),J+i(Ta:') J+i(Tx') 

-iiTx') 



T,x' 



T,x' 

6 



'(2J- l)(2J + 3) Z-."j(iVx);j(yy')^ -"^(v-aO f' 



^ T,x' 



V,v' 



2J+2^ 
1 1 



where the symmetric product is denoted as a^* 
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